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Matrix

A matrix is an array of m × n elements 

arranged in m rows and n columns. Such a 

matrix A is usually denoted by.
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a11, a12,….., amn are called the elements of the matrix



Every square matrix A is associated with a 

scalar called the determinant of A, and  is 

denoted by |A|. 

Let A = (a ) be a square matrix of order one.  

Determinant of Matrix
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Let A = (aij) be a square matrix of order one.  

Then we define |A| = a11

Let A = (aij) be a square matrix of order two.  

Then we define |A| = a11a22 – a12a21.



• The minor Mij of the element aij of Ann is the 

determinant of order n -1 matrix obtained by 

deleting the row and column containing aij.

Minors of the Matrix
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If A = Then M23 = = 2

M33 = = -1
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

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Let A = (aij) be a square matrix of order n.  The 

cofactor Cij of aij is defined as Cij = (-1)i+jMij

Cofactors of the Matrix





 201
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If   A = 

C23 = (-1)2+3M23 =  (-1)(0) = 0

C33 =(-1)3+3M33 = (+1)(1) = 1
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
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212



Determinant of the Matrix A with Order 3

|A| = a11C11 + a12C12 + a13C13. 




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



−− 101

212

201

If A  =

12





 −− 101

|A| = a11C11 + a12C12 + a13C13. 

= -1 + 0 + 2 = 1

= 1x(+1)M11 + 0x(-1)M12 + 2x(+1)M13

= 1x(+1)(-1) + 0x(-1)(0) + 2x(+1)(1) 
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−
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Ex. Calculate the determinant of A =

expanding along

(a) The first row

(b) The first column
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(c) The second column

Ex. If A =                                      , Find |A|.       
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
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• If |A|  ≠ 0, then A is said to be a nonsingular

(or invertible) matrix; otherwise it is said to 

be singular.

Nonsingular and Singular Matrix
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be singular.

Note:    If A-1 exists, |A-1| = 1/ |A|



Let A = 

If A≠ 0 then










dc

ba
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A-1 = 








−

−

ac

bd

A

1



Example :

Let A =

Then |A| = 1× 4 – 2 × 3 = -2 ≠ 0.  Therefore, 










43

21

16

Then |A| = 1× 4 – 2 × 3 = -2 ≠ 0.  Therefore, 

A-1 exists and 

A-1 = 








−

−

− 13

24

2

1



• Properties of determinants

– Let A be a matrix of order n.  Then |AT| = |A|.  

Example :

42

31

43

21
=

17

– Let A be a matrix of order n.  Then |kA| = kn|A| 

where k is a scalar .

Example :

43

21
2

86

42

43

21
2 2==











– Let A be a matrix of order n.  If any two rows 

(or columns) of A are identical, then |A| = 0.

Example :

= 0

353

242

131
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– If A = (aij) is a diagonal matrix or a triangular 

matrix of order n, then |A| = a11 a22…… ann.

Example :

= 1.2.6 = 12

353

600

820

311



– Let I be the identity matrix of order n. Then    |I| 

= 1.

Example :

Let I =








010

001
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Let I =

|I| = 1(1-0) – 0(0 – 0) + 0(0-0) = 1







 100

010



– Let A be a matrix of order n. If B is obtained 

from A by interchanging any two rows (or 

columns) of A, then |B| = - |A|.

Example :

=  -820

311

600

311
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=  -

600

820

820

600



– Let A be a matrix of order n.  If B is obtained 

from A by multiplying a row (or column) by a 

nonzero scalar k, then |B| = k|A|.

43

11
2

43

22
=

21

4343



– Let A be a matrix of order n.  If B is obtained 

from A by adding a scalar multiple of a row 

(or column) of A to another row (or column) 

of A, then |B| = |A|.

Example :

411 5421.01 kkk +++

22

=

600

520

411

600

520

5421.01 kkk +++



– If any row (or column) of A is the sum of two 

or more elements, then the determinant can be 

expressed as the sum of two or more 

determinants.

Example :

421 3121 + 121 321
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=                     =                +

653

532

421

2453

3232

3121

+

+

+

453

232

121

253

332

321



Let A be a matrix of order n.  If B is also a

square matrix of order n, then |AB| = |A||B|.

We note from the above result that if A is 

invertible then since A.A-1 = I,

• |A.A-1| = |A||A-1| = |I| = 1.  
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• |A.A-1| = |A||A-1| = |I| = 1.  

• Thus, |A-1| = 1/ |A|. 

• We can conclude that if |A| = 0, the inverse 

of A does not exist.



A =                     





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
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

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
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−

−
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















−

−

101
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adj A = CT

CT = C =                     

Adjoint of a Matrix
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If A is a non-singular, Aadj
A

A
11 =−

|A| = 3 















−

−

101

131

102

3

1
A-1 =



3 x1 + x2 = 9

5 x1 - 3 x2 = 1

Systems of Linear Equations

 913 x
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







=

















− 1

9

35

13

2

1

x

x

AX = B



Systems of Linear Equations

2x – 3y + 6z   = -18

6x + 4y – 2z   =  44

5x + 8y + 10z = 56

− − 18632 x
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AX = B
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


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
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




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






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







−

−
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44
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1085

246

632

z

y
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A system of m linear equations in n unknowns is of the form

A11 x1 + A12 x2 + …… + A1n xn = y1

A21 x1 + A22 x2 + …… + A2n xn = y2

……………………………………

A x + A x + …… + A x = y

Systems of Linear Equations
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Am1 x1 + Am2 x2 + …… + Amn xn = ym

where y1, y2….. ym and Aij 1 ≤ i ≤ m, 1≤ j ≤ n are 

real numbers and x1, x2, … xn are n unknowns.  

Note:   If y1 = y2 = ….. = ym = 0, the system is called a

homogeneous system. 



We write this system in matrix form as:


















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
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





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

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

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































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n
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y

y

x

x

x
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.
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..

..

2

1

2

1

21

22221

11211
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 mnmnmm yxAAA ..21

AX = Y

A is called the matrix of coefficients of the system.

Note:   Y is zero (zero matrix), the system is called a

homogeneous system. 



• A solution of the system of linear equations 

is a set of values x1, x2, …xn which satisfy 

the above m equations.  

• If the equations are homogeneous then, x1 = 

x2 = ….= xn = 0 is a solution of the system.

30

• If the system is not homogeneous, it is 

possible that no set of values will satisfy all 

the equations in the system. 

• If this is the case the system is said to be 

inconsistent.



• If there exists a solution which satisfies all the 

equations of the system, the system is said to be 

consistent. 

• A homogeneous system is always consistent since 

it has the trivial solution x1 = x2 = …..= 0. 

• There are two possible types of solutions to a 

31

• There are two possible types of solutions to a 

consistent system of linear equations. 

– Either the system will have a unique solution, or 

– it will have infinitely many solutions. 

• If a homogeneous system has a unique solution 

then, since the trivial solution is always a solution, 

the trivial solution will be its unique solution.



An example of a system which has a unique 

solution is

2x + y = 5

x – y = 4.

The solution to this system is x = 3, y = -1.

32



An example of a system which has 

infinitely many solutions is:

2x + 3y + 4z  = 5

x + 6y + 7z  =  3

This system has infinitely many solutions 

of the form x = k, y = (10k - 23) / 3 and     

33

of the form x = k, y = (10k - 23) / 3 and     

z = (7 – 3k) where k is any scalar.



Elementary Row Operations

1. Any two rows of a matrix may be interchanged.

2. A row may be multiplied by a nonzero constant

3. A multiple of one row may be added to another row

34

3. A multiple of one row may be added to another row



Example: 
x + 2y –3z = -1
3x – y + 2z = 7
5x + 3y – 4z = 2

This system in matrix form









−

=




















−

−

7

1

213

321

y

x
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Multiplying the first row by –3 and adding it to the 
second row we obtain .
















 − 2435 z















−

=
































−

−

−

2

10

1

435

1170

321

z

y

x



• Multiplying the first row by –5 and adding it to the 

third row we obtain.

• Multiplying row 2 by –1 and adding to row 3 we 















−

=
































−

−

−

7

10

1

1170

1170

321

z

y

x
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• Multiplying row 2 by –1 and adding to row 3 we 

obtain

















−

−

=
































−

−

3

10

1

000

1170

321

z

y

x



Thus the system reduces to

x + 2y – 3z = -1

-7y + 11z = 10

0 = -3

This shows that the system is inconsistent
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This shows that the system is inconsistent

since the third equation is false.  Thus this 

system has no solution.



Example :

x + 2y – 3z = 6

2x - y + 4z = 2

4x + 3y - 2z = 14

This set of equations in matrix form
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This set of equations in matrix form

















=
































−

−

−

14

2

6

234

412

321

z

y

x



• Multiplying row 2 by –2 and adding to row 3 we obtain

















=
































−

−

−

10

2

6

1050

412

321

z

y

x









−=















−

−

10

6

1050

321

y

x

• Multiplying row 1 by –2 and adding to row 2 we obtain
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










−=



















 −

−

10

10

1050

1050

z

y

















−=
































−

−

0

10

6

000

1050

321

z

y

x

• Adding row 2 to row 3 we obtain



• Multiplying row 2 by -1/5 we obtain

















=
































−

−

0

2

6

000

210

321

z

y

x











=




















− 2

2

210

101

y

x

• Multiplying row 2 by –2 and adding to row 1 we obtain
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














 0000 z

Thus the system reduces to
x + z = 2
y – 2z = 2
0 = 0

This system is consistent and has infinitely many solutions

given by x = k, y = 6 – 2k, z = 2 - k, where k is a scalar.



Example:

2x + y + 3z = 5

3x – 2y +2z = 5

5x – 3y – z = 16







=











−

5312 x
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Adding row 1 to row 2 we obtain












=



















 −−

−

16

5

135

223

z

y

















=
































−−

−

16

10

5

135

515

312

z

y

x



• Multiplying row 2 by –1 and adding to row 3 we obtain

• Multiplying row 2 by 1/5 and then multiplying row 3 by –

1/2 we obtain

















=
































−−

−

6

10

5

620

515

312

z

y

x









=















− 2

5

15/11

312

y

x

42

• Multiplying row 3 by –1 and adding to row1 we obtain










−

=





















−

3

2

310

15/11

z

y

















−

=
































−

3

2

8

310

15/11

002

z

y

x



• Multiplying row 1 by ½ we obtain

• Multiplying row 1 by –1 and adding to row 2 and then 

multiplying row 3 by 1/5 and adding to row 2 we obtain

















−

=
































−

3

2

4

310

15/11

001

z

y

x

 4001 x
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• Multiplying row 2 by 5/8 we obtain

















−

−=
































3

5/13

4

310

5/800

001

z
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• Multiplying row 2 by -3 and adding to row 3 we obtain

• Finally interchanging row 2 and row 3 we obtain
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Thus the system is reduced to

x = 4, y = 15/8 and z = -13/8 and this is the unique solution 

to the system.
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• Result : Suppose a system of linear 

equations in matrix form is AX = Y. If the 

matrix A is invertible, the system has a 

unique solution given by X = A-1Y.
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Example :

Consider the following system of linear equations.

x –z = 3

y + z = 3

x + 2z = 6.



The matrix A =                   has |A| ≠ 0 

Thus A-1 must exist
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A-1 =
3

1
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• Thus the solution is 
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• Therefore we obtain the unique solution      

x = 4, y = 2 and z =1



2x +  y – 2z = -1

4x - 2y + 3z = 14

x – y  + 2z = 7
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3x + 0y + 0z =  6

4x - 2y + 3z = 14

1x – 1y  + 2z = 7
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1x + 0y + 0z =  2

4x - 2y + 3z = 14

1x – 1y  + 2z = 7

r(1) = r(1) + r(3)

r(1) = (1/3) x r(1)
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0x - 2y + 3z =  6

0x – 1y  + 2z = 5

r(2) = r(2) - 4 x r(1)

r(3) = r(3) - r(1)
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1x + 0y +      0z = 2
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r(3) = r(2) + r(3)
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50

















4

3

2

100

010

001
1x + 0y + 0z = 2

0x + 1y + 0z = 3

0x + 0y  + 1z = 4

r(2) = r(2) + (3/2) x r(3)

x = 2, y = 3, z = 4
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Basic StatisticsBasic Statistics



Learning Objectives

• Define what random variables are and how they are used. 

• Define what is meant by a discrete probability distribution.

• Compute the mean and variance of a discrete and a continuous random variable 

• Use and interpret some discrete probability distributions such as Binomial and Poisson

• Use and interpret some continuous probability distributions such as the Uniform, Normal & Exponential• Use and interpret some continuous probability distributions such as the Uniform, Normal & Exponential

• Identify properties of the Normal probability distribution 

• Compute normal probabilities using standard normal tables 

• Convert a random variable to a standard normal random variable 

• Use the normal probability distribution to approximate binomial probabilities 



DETAILED SYLLABUS 

• Random variables

– Discrete random variables 

– Continuous random variables 

• Probability distribution of a discrete random variable

– Definition 

– Mean and Variance 

– The Binomial probability distribution

– The Poisson probability distribution

• Probability distribution of a continuous random variable 

– Definition 

– Mean and Variance 

– The Uniform probability distribution 

– The Normal probability distribution 

– Normal approximation of the Binomial distribution 

– The Exponential distribution  



Some Questions on Past Papers

Which one of these variables is a discrete random 

variable?

– Your national identity card number without English 

letter

– Your island rank at the G.C.E. (A/L) examination – Your island rank at the G.C.E. (A/L) examination 

– Number of questions completed by you at the end of 

the allocated time period in an examination.

– Number of women taller than 68 inches in a random 

sample of 50 men.

– Downloaded size in Kilo-bites (Kb) of a MP3 file.



Consider the following three random variables.

– X: The number of tattoos a randomly selected person has.

– Y: The outside temperature today.

– Z :The number of women taller than 68 inches in a random sample of 10 women.

Which is the correct about the type of variables?

– X : Discrete, Y :  Continuous, Z : Continuous

– X : Discrete, Y :  Discrete, Z : Continuous

– X : Discrete, Y :  Continuous, Z : Discrete

– X : Discrete, Y :  Discrete, Z : Discrete

– X : Continuous, Y :  Continuous, Z : Discrete



The mean and variance of a binomial 

distribution are 10 and 8 respectively. What 

are the parameters of this distribution?

– n = 10, p = 0.8

– n = 10, p = 0.2– n = 10, p = 0.2

– n = 50, p = 0.2

– n = 50, p = 0.8

– n = 100, p = 0.2



If the standard deviation of a Poisson 

distribution is 2 then the mean of it;

– 0.25

– 0.5

– 1.41

– 2

– 4



• The number of virus alerts in a day of a

particular computer is a discrete random

variable with the following probability

distribution function.

• Answer



The time taken to download a certain type

of virus guard follows a normal distribution

with mean 72 seconds and variance 36

seconds.

– Calculate the probability that the time taken to

download that type of virus guard is more than

75 seconds.75 seconds.

– Calculate the probability that the time taken to

download that type of virus guard is between 72

seconds and 75 seconds.

– Only 95% of time taken to download that type

of virus guard is less than how many seconds?

• Answer



Answer


