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1. Vectors and Scalars

There are quantities in the physical world that are characterized by just their magnitude,
such as length, temperature, time, mass and speed. These quantities are called scalars.
Apart from the units that they are measured in, these are just real numbers. We use
ordinary letters such as I, t, m, s to represent them. Operations with scalars are carried out
as in usual elementary algebra.

There are other quantities in the physical world that cannot be characterized by their
magnitude alone, such as displacement, velocity, acceleration and force. These are
characterized by both their magnitude and their direction. Such quantities are called
vectors. We denote vectors by bold faced letters (e.g., A, b) or letters with an arrow over

them (e.g., A_)B,g).

Let A, B represent two distinct points in space. There
exists exactly one straight line passing through both B
these points. That part of the line between A and B
and including both the end points is called a line
segment. If the end points A and B are given a

definite order, then the line segment is said to be A 4
directed and its direction is denoted by an arrow as
in Figure 1. A is then called the initial point and B Figure 1

the terminal point of the directed line segment.

A directed line segment has both magnitude (distance between the two end points) and
direction.

We define a vector as a directed line segment.

2. Equality of Vectors

Two vectors a and b are said to be equal if they have the

same magnitude and direction. Thus in Figure 2, a=b=c. / /. /4
Directed line segments which are equal in length and are in y / b y,
the same direction are called equivalent directed line segments. / / c
Thus any vector corresponds to a collection of equivalent

directed line segments.

Figure 2




3. Magnitude of a VVector

-

The magnitude or modulus of the vector a = AB is the length of the line segment joining
the points A and B. This is a non-negative number and is denoted by the symbol | a| or a

N

or| ABI.

4. Special Vectors

Null Vector: A vector whose initial and terminal points coincide is called a null vector
(or zero vector). This vector has magnitude equal to zero and no specific
direction. It is denoted by O.

Unit Vector: A vector with unit magnitude (length equal to 1) is called a unit vector.
If A is a vector which is non-zero, then a = A/ | Al is a unit vector in the
same direction as A. Any vector A can be written as A = | Alawhereaisa
unit vector in the same direction as A.

Negative of

a Vector If a is a vector, then —a, which is called the negative of vector a is a vector

Free Vector:

Localised
Vector

Co-initial
Vectors

which has the same magnitude as a but is in the opposite direction to a.
A vector whose position in space is not fixed is called a free vector (or

sliding vector).

A vector whose position in space is fixed is called a localized vector (or
bound vector)

Vectors with the same initial point in space are called co-initial vectors
(or concurrent vectors)

5. Vector Addition and Subtraction

Addition of Vectors

Let a and b be two vectors. Consider the representation of
the vectors a and b such that the initial point of b is placed
on the terminal point of a. Then the vector ¢ with initial
point the initial point of @, and terminal point the terminal
point of b is called the sum or resultant of the vectors a

and b and is denoted by a + b (i.e., c = a + b). (Figure 3) Figure 3




Ifa=a’”andb=Db’thena+ b =a’+ b’. This is so since the two triangles obtained are
congruent. (Figure 4)

Figure 4

The addition of more than two vectors

The sum of more than two vectors is
obtained by extension of the concept of
addition defined above. Figure 5 indicates
how the sum e of the vectors a, b, ¢ and d
is found.

The sum of the vectors @a = PS and b = PQcan be constructed as the diagonal of the

parallelogram PQRS. This description of vector addition is called the Parallelogram
Law of vector addition. (Figure 6)

Figure 6




Subtraction of Vectors b

The difference of vectors a and b denoted by a — b is _ ~

the vector ¢ such that ¢ + b = a. Subtracting a vector c=a-b {

from another is the same as adding the negative of the

second to the first: a—b =a + (- b) . (Figure 7) b
Figure 7

6. Properties of Vector Addition

For any vectors a, b, ¢ the following hold.

1. a+0=a=0+a (0 1s the additive identity)

2. at(-a)=0=(a)+a (-a is the additive inverse of a)

3. atb=b+a (Commutative Law for Addition)

4. a+(b+c)=(a+hb)+c (Associative Law for Addition)
7. Multiplication of a Vector by a Scalar

Let s be a scalar and a a vector. Then the vector sa is defined to be the vector whose
magnitude is |sllal and which points in the same direction as a if S is positive, or in the
opposite direction if S is negative. If s = 0, then sa is the null vector 0 whose magnitude is
zero and which has no direction. For any scalar s, sa is called a scalar multiple of a.

Examples:

(1) 2a is the vector whose magnitude is twice that of a and is in the same
direction as a. (Figure 8a)

(i1) —la is the vector whose magnitude is half that of a and is in the opposite

direction to a. (Figure 8b)
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_ Figure 8b
Figure 8a




8. Properties of Scalar Multiplication

For any two vectors a and b, and any two scalars s and t the following hold.

(1) 0a=0

(11) la=a

(i) (-a=-a

(iv)  s(ta) = (st)a=t(sa)
(v) (s+tla=sa+ta
(vi)  s(atb)=sa+sb

9. Properties of the Magnitude of a VVector
(i) lal=0ifandonlyifa=0
) lal=|-al
Gii) la+bl<lal+|bl (Triangle Inequality)
Gv) lIlal-Ibll<la-bl

Note: The triangle inequality follows from the fact that the length of any side of a
triangle does not exceed the sum of the lengths of the other two sides.

Proof of (iv):

lal=la-b+bl<la-b|+|bl (by the triangle inequality)
Therefore |al-|bl<|a-b].

|bl=Ib-a+al<lb-al+|al (by the triangle inequality)
Therefore| bl-lal<|b-al=|a-b]l.

Thus||al-Ibll<la-bl.

10. Position Vectors

Let O be a fixed point in space (called the origin). If P is any point in space and OP =,
we say that the position vector of P with respect to the origin O is r.

Note: When we speak of points with position vectors it is to be understood that all the
vectors are expressed with respect to the same origin.

Result 1: If A and B are any two points with position vectors a and b respectively, then

Ksz—a.



Proof: / "
b /

OA =aand OB=b. Also OA+ AB=0B . o
Therefore,a+ AB =b. Hence AB=b -a. o) ‘/——"/A

a
(Figure 9) Figure 9

11. Vectors in a Plane

A Cartesian coordinate system consists of a fixed point O, called the origin, and two
mutually perpendicular axes, Ox and Oy (or just X and y) with the same unit of length in
both axes. Any point in a plane can be represented in a Cartesian coordinate system. This
sets up a 1 — 1 correspondence between the points in the plane and ordered pairs of real
numbers.

y Figure 10
Consider a Cartesian coordinate system OXy.
Let i denote the unit vector parallel to the x

axis in the positive direction, and let j denote
the unit vector in the positive y direction. i, |
are called base vectors and the set {i, j} is _
said to form a basis for the vectors in the ) X
plane. (Figure 10) @)

-y
v

Any non-zero vector in the plane can be
represented as a vector with initial point
O and written uniquely as a=a;i + a,j
(Figure 11). The numbers a, and a, are A(aay)
called the components of the vector a in L
a ;
2

»
>

the X and y directions respectively. The

component of a vector in a given direction 5 ;

is the orthogonal projection of the vector in it l
|

that direction. a;i and @, are called the
component vectors of a in the X and y
directions respectively. If the point A has
coordinates (aj, &), thena=a;i + ayj is
called the position vector of A(a,, a;) with
respect to the origin O. Vector a may also be
written as the ordered pair (a;, a).

Figure 11




The distance of A from O can be determined by using Pythagoras’ theorem. The distance

from O to A, | 6A| =lal= w/alz + a22 (Figure 11).

Suppose « is the angle between the vector a and the positive x direction.

. a
Then a; =] al cos a, a2=| al sin a, and tan o= —=.
a‘l
If Sis the angle between the vector a and the positive y direction, then & and g are called
direction angles. The numbers cos « and cos £ are called direction cosines of the vector
iy a a

OA. cosa ==, cosff=—>
2 g

cos’ a+cos” B =1 and (cos a, cos f) is a unit vector in the same direction as a.

in terms of components and, cos f = sin .

To determine the components of a vector, any directed line segment representing the
vector can be used. If P(X;, Y1) and Px(Xa, Y2) are points in the xy plane, the vector
represented by the directed line segment PP, (initial point P; and terminal point P,) is
(X2 — X))i + (Y2 — Y1)J. Any other directed line segment equivalent to P;P, would give the
same components (Figure 12).

Example:
y A
Pa(X2, ¥2)
Qx(X;+a,Y,-b)
Pi(Xi, Y1)
Qixi+a,y-b)
0 > X
Figure 12

In Figure 12, the vector represented by the directed line segment PP, is
(X2 — X1)i + (Y2 — Y1)J. The vector represented by the directed line segment Q,Q;, which is
equivalent to PPy is (X + @) — (x;+ a))i + (Y2 — b)) — (y1- b))] = (X2 — x))i + (Y2 — Y1)].
Thus the two equivalent directed line segments give the same components.

The magnitude of the vector PP, , | PP, |= \/(xz —X) +(Y, =y, .



Ifa=a;i +a, andb=Dbyi +byj andsis a scalar, then

(1) a+b=(a1+b1)i +(a2+ bz)j
(i) a-b=(a-b)i +(a-by)j

(i) sa=sa;i +say)

If the vectors are represented by ordered pairs a =(a;, a;) and b =(b;, b,), then the above

equations become
(1) a+b= (aj+b;,a+hy)
(i) a-b=(a-by,a-hy)
(i11))  sa=(saj, say)

12. Vectors in Three-Dimensional Space

As in the case of a point in a plane, any point in space can be represented in a Cartesian
coordinate system which consists of a fixed point O, the origin, and three mutually
perpendicular axes, OX, Oy and Oz with the same unit of length along all three axes. The
axes are placed in such a way that they form a right-handed set. This means that if a
screw is placed at the origin and is turned in the sense from the positive X axis to the
positive Yy axis, then it moves in the direction of the positive z axis.

A point A is located within this coordinate system by giving its directed distances from O
in the directions of the positive X, y and z axes. Therefore, if the coordinates of A are
(aj, a2, @3), this means that A is a; units from O in the direction of Ox, @, units from O in
the direction of Oy and a3 units from O in the direction of Oz. The distance from O to A

. 2 2 2
Is & +8, +3; .

Let i denote the unit vector parallel to the x axis
in the positive direction, j the unit vector in the
positive y direction and K the unit vector in the
positive z direction respectively. i, j, k are called
base vectors and the set {i, j, k} is said to form a
basis for the vectors in space. Any non-zero
vector a in space can be represented as a vector
with initial point O and written uniquely as
a=ajl +ay) +ask (Figure 13). The numbers

a;, &, and a; are called the components (or
rectangular components) of the vector a in the

X, Y and z directions respectively. a;i, a,j and

ask are called the component vectors (or
rectangular component vectors) of a in the X, y and

y
A
Aau,a2,83)
- a L
A
J i 2
3 g | » X
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Figure 13




Z directions respectively. If the point A has coordinates (a;, @, @3), then a=a,i + a,j + a;k
is called the position vector of A(ay, a,, a;) with respect to the origin O and is denoted by

- —
OA. Vector OA= a may also be written as (a;, a, a3).

S
| oAl=lal=4a’+a,’ +a;

Suppose «a, f and y are the angles between the vector a and the positive X, ¥ and z
directions respectively. Then a, =| al cos &, a;=|al cos # and a;=|alcos . a, fand
y are called direction angles. The numbers cos «, cos £ and cos y are called direction

cosines of the vector OA. In terms of components the direction cosines are given by

a
and cosy = —-.
3l

cosa =i, cosﬂ=&
o g

(cos a, cos f, cos y) is a unit vector in the same direction as a.

cos” o +cos” B+cos’ y =1 and

If A and B are two arbitrary points in space with position vectors a = a;i + apj + azk
and b = b;i + byj + bsk respectively, then

A_)B =b-a=(ajl +ay+azk)—(bii +byj+hbsk)=(b;—a)i+(b,—a)j+ (b;—azk.

The magnitude of the vector AB is | AB | = \/(b1 —-a,)’ +(b,—a,)* +(b, —a,)" .

As in the two dimensional case, vector addition, vector subtraction and scalar
multiplication proceed component wise.

Ifa=a;i +a, +ask andb="b;i +b,j +bsk and s is a scalar, then
(1) atb=(a +b)i +(@+hy)] +(az+bsyk
(i) a-b =(a; -b)i +(az-hy)j +(az-bsk
(i) sa=sa;i +sayj +sask

If the vectors are represented by a =(a;, a,, a3) and b =(b;, by, b3), then the above
equations become

(1) at+tb= (aj+b,a+by,as+bs)
(i1) a-b =(ai-by,a-by,a;—bs)

(ii1))  sa=(saj, Sa, sa3)



13. The angle between two vectors

Let AB=aand CD=Db be any two vectors. Let OA

and OC, be respectively the representations of the
vectors @ and b with initial point O. The angle &

between OA, and OC, such that 0 <0 < r is called the
angle between the vectors a and b. (Figure 14)
If &=0 or @ = r, the vectors are said to be parallel.

If 6= %, then the vectors are said to be perpendicular.

vD
b
Ci
c”~ 4
o
0 4,, A
Figure 14

If A and B are two arbitrary points in space with position vectors a =a;i + a,j + azk and

b = byi + by + bsk respectively, then ATB: (by — api + (by — a)j + (b; — azk.

Therefore, AB* = (b, —a,)” + (b, —a,)” + (b, —a,)>.

If @ is the angle between OA and OB, we have by
applying the law of cosines to triangle OAB,

AB% = 0OA? + OB?-2 OA. OB .cos 6.
Therefore

OA’ +OB? — AB?
20A0B
3
@ +a," +a,")+ (b7 +b, +b") =D (b -a;)’

_ i=1

cos @ =

7

@) ‘4——3*"{6\

Figure 15

2\/a12 +a,’ +a, .\/bl2 +b,> +b,’
a,b, +a,b, +a,b,

\/alz +a,” +a, .\/bl2 +b,> +b,’

Note: If A and B are two arbitrary points in a plane with position vectors a = a;i + aj
and b =b;i + by respectively, and @ is the angle between OA and OB, then

a,b, +a,b,
\/alz +a,’ .\/bl2 +b,’

cos 8 =

10




14. The Ratio Theorem

Let A and B be two given distinct points with
position vectors @ and b respectively. If the point
R with position vector I divides the line segment
ABintheratiom:n(with m=0,n=0,m+n=0)
na +mb

n+m

then ¥ =

Proof:

Figure 16
IfR divides AB in the ratio m : n, then % M 8
n

or NAR = mRB.

m . ... . .
(Here — is positive or negative according as R
n

divides AB internally, as in Figurel6, or externally
as in Figure 17).

Since AR and RB lie on the same line, nKR = mﬁB )
ie,n(f-—a)=m(b-7).
Therefore, (Nn+m) Fr=nd +m b , and hence

P na + mb
n+m 1B Figure 17
Note: If R is the midpoint of AB, then r = ax .
15.  Some Definitions and Results
1. Two non-zero vectors @ and b are parallel if and only if there exists a scalar t such

that a =tb.

If a = (aj, @, a3) and b = (by, by, bs), then a = tb for some scalar t if and only if
(a1, &, a3) = (thy, thy, th;). i.c., a and b are parallel if and only if a; = th,, a, = th,,

. . .o a a a
a; = ths. i.e., a and b are parallel if and only if —~=-—2=-—2=t (when
b, b, b
b, #0, b, #0, b, #0 ). Therefore in terms of components, the condition for
. L8 & &
parallelism is expressed by the equation — = —=—.
b, b, b,
2. Suppose the two non-zero vectors a and b are perpendicular.

11



If a = (aj, a,, a3) and b = (by, by, b3) and @ is the angle between a and b, then
0= and cos 0= a,b, +a,b, +a,b,

2 Ja’+a,> +a,. 4b’ +b,” +b,’
This gives us a1b1 + a2b2+ a3b3 =0.

Therefore, in terms of components, the condition for perpendicularity is
expressed by the equation a;b; + a;b, + azb; = 0.

=0.

Vectors lying on parallel straight lines or on one and the same straight line are
called collinear. Two vectors are said to be non-collinear if they are not parallel
to the same straight line.

Three distinct points A, B, C with position vectors &, 5, C respectively are
collinear (i.e., the three points A, B, C lie on the same straight line) if and only if

there exists scalars X, Y, Z not all zero such that xa+ y5 +zC =0andx+y+z=
0.

Proof. Suppose the three distinct points A, B, C with position vectors a, b,

C respectively are collinear. Suppose C divides AB in the ratio m : n. Then
C= M. Therefore, nd +mb =(M+m)cC.
n+m

Letx=n,y=mandz=-(n+m).
Then xa +y5 +zC=0andx+y+z=0.

Conversely, suppose there exists scalars X, Y, Z not all zero such that

xa +y6 +zC=0andx+y+z=0.

Without loss of generality, let us assume that z # 0. Thenz=- (x +Yy) and

xa + yB
X+Yy

therefore, C =

. 1.e., C divides AB in the ratio y : X and A, B and C are

collinear.

If a particle moves from an initial position (X;, Y1, Z1) to another position

(X2, Y2, 22), the displacement of the particle is the vector represented by the
directed line segment extending from its initial position to its final position. This
vector is (Xo— X))i + (Y2—Y1)] + (Z2— z1)k. Thus if the initial position vector is

- -

OR, = xii +Yij +z,k and the final position vector is OR, = Xai + Y] + 22K, then

the displacement is R,R, = OR,—-OR, .

Vectors that are parallel to the same plane are said to be coplanar.

12



16. Scalar Product

The scalar product of the two vectors a and b, denoted by a.b (pronounced a dot b) is
the number a.b =|a|b|cos & where 6 (0< 60 <) denotes the angle between the
vectors. The scalar product is also called the dot product or the inner product.

From Figure 18 we identify | b | cos @ as the component of b parallel to a, that is, the
length of the orthogonal projection of b in the direction of a, with the appropriate sign.

PrEr I

<— | cos —> <— bl cos o—»0

@)

Figure 18

Thus we can interpret a.b as

(length of a)(signed component of b along a),

and since the definition is symmetric in @ and b, it can also be interpreted as

(length of b)(signed component of a along b).

It follows that the components of a in the X, y, z directions equal a.i, a.j and a.k
respectively.

Thus the vector a can be expressed as a = (a.i)i + (a.))] + (a.k)k.

Ifa=0orb =0, then|al =0 or|b| =0 and hence a.b = 0.
Also, if a and b are perpendicular, then & :% and hence a.b=|al|b] cos (%) =0 even

if both vectors are non-zero.

Thus for the unit vectors i, j and k of the coordinate axes we have
ii=jj=kk=1landij=jk=Kki=0.

If a, b and c are arbitrary vectors and S is a scalar, then
(1) ab=ba Commutative Law
(i) a(b+tc)y=ab+ac Distributive Law
(i)  a.(sh) =(sa).b =s(a.b)

13



Ifa=ai +ay +ask and b =Dbyi + byj + bsk , then using the above facts we obtain

ab= (ali + azj + a3k).(b1i + sz + b3k) =a;b; + ayb, + asb;.

In particular when a = b, we obtain
aa=a’+a’+a’=|al’

Thus| al= +a.a

17. Vector Product

The vector product of the two vectors a and
b, denoted by a x b (pronounced a cross b), is
defined to be the vector a x b = |a||b|sinén
where 6 (0 < 8< r) is the angle between

the vectors a and b, and n is a unit vector
perpendicular to both a and b, such that a, b
and n form a right handed system. (Figure 19)

a x b is also called the cross product of the vectors a and b.

We note that | a x b| = |a||b|sin@ is the area of the
parallelogram determined by the vectors a and b
(computed as base times height). (Figure 20)
Therefore the area of the triangle determined by the

vectors @ and b is equal to %| axb|= %|a||b|sin¢9.

Ifa=0orb =0, thenlal =0 or|b| =0 and hencea x b=0.

Figure 19

y lbjsin&

Figure 20

Also, if a and b are parallel then & =0 and hence axb=/|allb|sin0n=0.

Thus for the unit vectors i, j and Kk of the coordinate
axes we have

ixi=jxj=kxk=0
ixj=K, jxk=i, kxi=]
ixk=-j, jxi=-k kxj=-i.

y Figure 21

14




If a, b and c are arbitrary vectors and S is a scalar, then

6) axb=-bxa
(i1) ax((b+c)y=(@xb)+(@axc) Distributive Law
(i)  ax(sh)=(sa) x b=s(ax b)

Note: The commutative and associative laws fail for the vector product. i.e.,
(i) axb #bxa
(i) (axb)yxc=zax(bxc)

If a=a,i +ay +ask and b = Dbyi + byj + bsk , then using the above facts we obtain

axb=(aji +ay + azk) x (bi + byj + bsk)
= (a2b3 — a3b2)i + (a3b1 — a1b3)j + (albz — azbl)k

This may conveniently be written in determinant form:

i ] k
axb=|a a, a,
b, b, b,

18. Triple Scalar Product

The triple scalar product of the three vectors a, b and ¢, denoted by [a, b, c], is defined
by[a,b,c]=a.(bxc)

Ifa= a1i + azj + a3k, b= b1| + sz + b3k and c= C1i + Czj + C3k,
then

[a,b,c]=a. (bxc)
= (ali + azj + a3k). [(b2C3 — b3C2)i + (b3C1 — b1C3)j + (b1C2 — b2C1)k]
= ay(baC3 — b3Cy) + @y (bsc; — byC3) + az (b1Cx — byCy)

a'1 a2 a3
=b, b, b,
1 00 f /
Therefore, [i, j,k]=0 1 0=1 a/§|a|cosﬁ/ /
00 1 P /
The modulus of the triple scalar product N
[a, b, c] is equal to the volume of the b "
parallelepiped constructed with a, b, c as
co-terminal edges as in Figure 22. Figure 22

15



The base of the solid is a parallelogram whose area is given by | b x ¢|. The height of the
parallelepiped is the length of the component of a perpendicular to the base, which equals
the magnitude of | al cos @, where @ is the angle between a and b x c. i.e., the volume of
the parallelepiped with co-terminal edges a, b, ¢ is the modulus of | al cos €| b x c|, which
is the modulus of [a, b, c] =a. (b x ¢)

From the properties of determinants, it follows that [a, b, c] = [b, ¢, a] =[c, a, b]

The sign changes whenever two of the vectors are interchanged; for example,

[a,b,c]=-[a,c,b]

Also, the position of the dot and the cross can be changed freely; for example,
a.(bxc) =[a,b,c]=[c,a,b]=c.(axb)=(axb).c
ie,a. (bxc) =(axh).c

The triple scalar product is also linear in each of its factors; i.e.,
[sa+Db,c,d]=s[a c,d]+[b,c,d]
[a,sb+c,d]=s[a, b,d]+[a,c,d]
[a,b,sc+d]=s[a,b,c]+[a b,d]

Clearly, if any two of the vectors are equal, then the triple scalar product will be zero.

The volume of a tetrahedron with a, b, ¢ as f
co-terminal edges (as in Figure 23) is obtained as
follows: | ¢l cosg
g: v

1
Volume = — x (area of base) x (height

3 ( ) x (height) C /v .......................

=L axbpldeos 6= @xby. ¢ o i 4
32 6
Figure 23

Result:

Let a, b, ¢ be three non-zero, non-parallel vectors. Then a, b, ¢ are coplanar if and only if
a.(bxc)=0.

Proof: If a.(b x ¢) = 0, then the vector a is perpendicular to the vector b x ¢. Therefore a
lies on the plane containing the vectors b and ¢ or in a plane parallel to this plane. Hence
a, b, c are coplanar. On the other hand, if a, b, ¢ are coplanar, then b x C is perpendicular
to @ and hence a.(b x ¢) = 0.

19. Vector ldentities

(1) ax(bxc)=(a.c)b-(ab)
(i) (axb)xc=(a.c)b-(b.c)a
(i) (axb)x(cxd)=Ja,c,d]b-[b,c,d]a
(iv) (axb).(cxd)=(a.c)(b.d)- (a.d)(b.c)
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